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Abstract
Balanced outcomes are a subset of core outcomes that take
into consideration fairness and agents’ power in bargaining
networks. In this paper, following the seminal works by
(Cook and Yamagishi 1992) and (Kleinberg and Tardos 2008)
on modeling and computing balanced outcomes in unitcapacity trading networks, we explore this concept further
by considering its generalization in the so-called wage bargaining network where agents on one side (the employers
side) may have multiple capacity. It turns out that previous
definitions do not trivially extend to this setting. Our first
contribution is to incorporate insights from the bargaining
theory and define a generalized notion of balanced outcomes
in wage bargaining networks.
We then consider computational aspects of this newly proposed solutions. We show that there are polynomial-time
combinatorial algorithms to compute such solutions in both
unweighted and weighted graphs. Our algorithms and proofs
are enabled by novel generalizations of techniques proposed
by Kleinberg and Tardos and an original technique proposed
in this paper called “loose chain”.
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Introduction

Wage has been one of the primary incentive instruments in
social employment relationships. Employers concern their
costs and employees pursue higher wages. In this paper, we
aim toward a theory to formally investigate the following
problem,
what are the stable and fair wage outcomes in a society?
from a perspective that incorporates both game and graph
theories. We formally model and justify the concept of
minimum wage that each employee should be paid given its
ability and position in the social graph and develop efficient
algorithms to compute it.
The social employment relationship considered in this
paper can be formally modeled as a weighted bipartite
graph, with employers on the one side and employees on
the other side. If an employee is eligible to work for an
employer, there is an edge between them. In addition, the
corresponding weight of an edge denotes the value produced
by the employee under this matching. In this paper, we
assume the values produced by employees are additive,
in the sense that the overall value produced by a set of
employees is the sum of their individual values. We also

assume each employer cannot hire more than a certain
amount of employees, which is defined in the graph as its
vertex capacity. On the other hand, each employee can only
work for at most one employer. For example, in Figure 1,
x1 , x2 , x3 , x4 are four employers with capacity 2, 2, 1, 1
respectively, and y1 , y2 , y3 , y4 , y5 , y6 are six employees with
only one capacity each. In addition, the weights of all edges
between X and Y are 1.
Given such a social graph instance, we model the wage
bargaining interactions between employers and employees
as a cooperative game. In the standard cooperative game
theory, the most important solution concept is the core,
which subscribes outcomes in which no subset of agents
want to deviate from the current outcome. Even though core
outcomes are stable (employees may not switch to other
employers), they are still insufficient for the wage bargaining
game because they are not necessarily fair in the sense
that one side of the graph may get more than they deserve
(employees may request for more wages). Over the years,
there have been other alternative solution concepts for many
different purposes. As we will review later, few of them are
satisfactory to model the situation of wage bargaining.
In this paper, we generalize the notion of balanced outcome, originally proposed by Cook and Yamagishi (1992)
and reinvestigated by Kleinberg and Tardos (2008) in the
context of social exchange networks, to the context of
wage bargaining. In the original model of social exchange
networks, each agent has capacity of at most one and the
social relation is modeled as a general graph; while in our
model, we have a bipartite graph and each employer has
multiple capacity.
Although the two models appear to be similar, there
is a fundamental difference between them. The size of a
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Figure 1: An example of unweighted wage bargaining model

coalition in previous models is always restricted to be either
one or two, while the size of a coalition in our model
(which contains one employee and several employers) can
be any positive integers. For the previous case of bargaining
between two agents, one can directly apply the standard
Nash bargaining solution. In particular, two agents will
agree on a division that is the middle point between the
extremes of their alternate options. However, in the multiagent case, alternate options of an agent may intersect with
the others’. It is therefore not clear how to divide payoffs
regarding to the extremes of alternate options for multiple
agents. A careful definition of a multi-agent bargaining
solution in this context is in need.
To address this difficulty, our first effort is to define a
bargaining solution for general cooperative games. Our definition essentially differs from the existing concepts such as
Shapley value (Shapley 1953), bargaining set (Aumann and
Maschler 1964) and nucleolus (Schmeidler 1969) proposed
in the literature.
When defining the new concept, we consider the following desiderata:
1. It must be a non-trivial subset of the core;
2. It must reduce to the definition of balanced outcomes in
social exchange network;
3. It is efficiently computable in wage bargaining network.
It can be verified that none of the concepts above satisfy
all the desiderata.

1.1

Our contribution

In this paper, we propose a new bargaining solution for
multiple agents in Section 3. In particular, for a payoff vector
γ of a cooperative game (N, v), a multi-agent coalition
S is balanced if S can be partitioned into sub-coalitions
C1 , . . . , Ck such that for all Ci ,
σ(Ci , S \ Ci ) = min σ(U, S \ U ),

we then analyze the weighted graphs (Theorem 2). In both
cases, we put forward efficient algorithms (Algorithm 1, 2)
to find the employer (employee) optimal balanced outcomes.
Our algorithms are enabled by novel generalizations of the
techniques proposed by Kleinberg and Tardos (2008), which
may be of independent interests.

1.2

Additional related works

The literature that investigates the relative power of bilateral relationship between pairs of agents dates back to the
network exchange theory initiated by (Emerson 1962). The
basic idea is to view this bilateral relation as a way to
produce a joint value for both agents. The two agents then
divide up this value by a bargaining procedure known as
social exchange, which takes into consideration the relative
power of each agent in the network. Social scientists have
designed various experiments to validate the theory (Cook
and Emerson 1978).
Another related literature is assignment games, initiated
by Shapley and Shubik (1971) on two-sided markets with
unit-capacity. They derive their landmark result that any
maximum matching of the graph corresponds to a core
assignment in the induced game.
Kleinberg and Tardos (2008) proved that balanced outcomes exist if and only if stable outcomes exist, and provided an algorithm that efficiently computes the set of balanced
outcomes. Whether this result can extend to models where
agents have multiple capacity is the main theme of this
paper. The model and idea above are further extended to
three-sided markets, with an additional layer called traders
between buyers and sellers (Blume et al. 2007) and the core
of the resulting cooperative games is characterized.
There are also various papers concerning the balancedness and complexity of solutions in cooperative games
which are close to our modeling, such as (Chalkiadakis et
al. 2010; Greco et al. 2009; Dang et al. 2006).

U (S

where
σ(S, T ) = min{γ(U ) − v(U ) : U ⊆ N \ T, S ⊆ U }.
Intuitively, each sub-coalition is given an identical “incentive” value ve (which can be any positive number) if they
break the current coalition. Think of it as a cooperative game
on S, where for each sub-coalition T ( S, the payoff of T
is the “incentive” value minus the cost for T deviating from
S, that is, ve − σ(T, S \ T ). If it turns out the core payoff
vector is all 0 under a certain positive “incentive” value, we
say the coalition S is balanced. This definition satisfies the
first two desiderata: it is based on the core, and consistent
with balanced outcomes in social exchange networks. Built
on this new solution, we naturally extend the concept of
balanced outcome in wage bargaining.
Our goal is then to verify the last desideratum, and
further, to solve the structure of all balanced outcomes and
efficiently find the optimal balanced outcome for either the
employees or the employers. In Section 4, starting from
the special wage bargaining problem characterized by unweighted graphs with unique perfect matching (Theorem 1),

2

Preliminaries

A cooperative game models competitions and cooperations
between groups of players (“coalitions”).
Definition 1. A cooperative game is defined as a pair
(N, v), where
• N is the set of agents;
• v : 2N → R is the coalition function characterizing
the maximum payoff that each subset of players can gain
without other players.
Here we assume the utility can be transferred between
individuals, that is, it is a transferable utility game. Also,
we assume the coalition function is superadditive:
v(S) + v(T ) ≤ v(S ∪ T )
for any pair of disjoint subsets S and T . Therefore, v(N )
can be seen as the social welfare of the whole society.
Definition 2. In a cooperative game (N, v), an outcome is
defined as a pair (B, γ), where B is a set of coalitions (a

partition of N ), γ : N → R is the payoff vector (function).
A feasible outcome (B, γ) satisfies that for all S ∈ B,
γ(S) = v(S),
where γ(S) ,

P

x∈S

γx .

By definition, every feasible outcome (B, γ) satisfies
X
X
γ(N ) =
γ(S) =
v(S) ≤ v(N ),
S∈B

S∈B

which means the total payoff of players cannot exceed the
maximum social welfare. Throughout the paper, whenever
an outcome is mentioned, it is feasible. Moreover, we
assume ∀S ∈ B, S is the minimal set satisfying γ(S) =
v(S), that is, S cannot be divided into smaller coalitions.
Definition 3. In a cooperative game (N, v), an outcome
(B, γ) is stable if and only if:
• ∀x ∈ N, γx ≥ v({x});
• ∀x, y ∈ N, γx + γy ≥ v({x, y}).
Definition 4. In a cooperative game (N, v), an outcome
(B, γ) is in core if and only if:
∀S ⊆ N, γ(S) ≥ v(S).
(B, γ) is also called a core outcome of (N, v).
As in a core outcome, γ(N ) ≥ v(N ), and also γ(N ) ≤
v(N ), so γ(N ) = v(N ). This means a core outcome must
reach the maximum social welfare.
Definition 5. A social exchange network is a cooperative
game (N, v), characterized by a graph G = (V, E, ω),
where
• ω : E → R+ is the edge weight function;
• N =V;
• ∀S ⊆ N , v(S) is the value of the maximum weighted
matching of the induced graph G[S]1 .
In a social exchange network (N, v) characterized by a
graph G = (V, E, ω), consider any subset of players S. Let
M be one of the maximum weighted matchings of G[S].
Then a stable outcome (B, γ) satisfies
X
X
γ(S) ≥
γx + γy ≥
v({x, y}) = v(S).
{x,y}∈M

{x,y}∈M

So in a social exchange network, a stable outcome is also a
core outcome.
Now suppose the social exchange network has two different maximum matchings M and M 0 , and (M, γ) is a stable
(or core) outcome, then
X
X
v(N ) = γ(N ) ≥
γ(S) ≥
v(S) = v(N ).
S∈M 0

S∈M 0
0

So γ(S) = v(S) for all S ∈ M , which means (M 0 , γ)
is also a stable outcome. As a result, if one wants to find a
stable outcome, it is sufficient to find an arbitrary maximum
1
The induced subgraph G[S] is a subgraph formed from S and
any edges whose endpoints are both in S.

matching, and then solve for the payoff vectors. As all
restrictions of γ are linear, therefore linear programming
can be used to find a stable outcome. Despite of linear
programming, combinatorial algorithms are also found to
solve the payoff vectors (Aspvall and Shiloach 1979). Furthermore, combinatorial algorithms reveal clearer intuitions
and structures than those found by linear programming.
Definition 6. In a social exchange network (N, v) with an
outcome (B, γ), define the best alternate option of a player
x as
αx , max v({x, y}) − γy .
y,{x,y}∈B
/

Definition 7. In a social exchange network (N, v), a core
outcome (B, γ) is balanced if and only if for all {x, y} ∈ B,
γx − αx = γy − αy .
It has been proved in (Kleinberg and Tardos 2008) that
balanced outcomes in a social exchange network exist if and
only if stable outcomes exist.
Definition 8. An assignment game is a social exchange
network characterized by a bipartite graph.
Since assignment games always have stable outcomes
(Shapley and Shubik 1971), balanced outcomes always exist
as well.

3

A multi-agent bargaining solution

We now define a bargaining problem for multi-agent coalitions and balanced outcomes in cooperative games.
Definition 9. In a cooperative game (N, v), define the
minimum slack of set S over set T with respect to payoff
vector γ to be
σ(S, T ) = min{γ(U ) − v(U ) : U ⊆ N \ T, S ⊆ U }.
In a multi-agent coalition C, for any sub-coalition S,
assume every agent agrees that the cost of S deviating from
C is σ(S, C \ S). Then it can be modeled as a cooperative
game on C, with coalition function (ve will be explained
later)

ve − σ(S, C \ S), if S 6= C;
0
v (S) =
0,
if S = C.
However, if ve = 0, there is only one core outcome of this
cooperative game, ({C}, ~0), because ∀S 6= C, v 0 (S) < 0.
In order to make the cooperative game non-trivial, each
coalition S is given an “incentive” value ve if S breaks the
current coalition C. Define ve to be a good incentive value
if the payoff of each agent remains unchanged regardless
of whether they break the coalition C or not. Namely,
the cooperative game has at least the following two core
outcomes:
({C}, ~0), (B 0 , ~0),
0
where B is a partition of C.
Now define the coalition to be balanced if there exists a
good incentive value, and define an outcome is balanced if
all coalitions of the outcome are balanced. The following
simplified definition is an equivalent to what we have defined so far.

Definition 10. In a cooperative game (N, v), an outcome
(B, γ) is balanced if and only if
• (B, γ) is in the core.
• ∀S ∈ B, there exists a non-trivial partition of S, C =
{C1 , . . . , Ck } such that
∀T ∈ C, σ(T, S \ T ) = min σ(U, S \ U ).
U (S

Then one can check the desiderata given in Section 1:
It is defined on the core; If this definition is applied on
social exchange networks, it is consistent with the original
definition. Also, we will show this definition is computable
in wage bargaining problem in the next section.
We note without proof that, another interesting property,
from the perspective of non-transferable utility game, is that
the balance of a coalition C implies the existence of the core
in the hedonic game (Dreze and Greenberg 1980) (C, (i
)i∈C ), where ∀S, T ( C, ∀i ∈ S ∩ T ,
S i T ⇔ σ(S, C \ S) ≤ σ(T, C \ T ),
and
∀S ( C, ∀i ∈ S, S i C.

4

Balanced outcomes in wage bargaining

First, we define the wage bargaining as a cooperative game.
Definition 11. A wage bargaining problem is a cooperative
game (N, v), characterized by a bipartite graph G =
(V, E, ω, c), where
• N = V = X ∪ Y (X is the set of employers and Y is the
set of employees);
• every edge in E has a endpoint in X and another in Y ;
• ω : E → R+ is the edge weight (denoting the value
produced by the employer and employee under the matching);
• c : X → N is the maximum capacity of nodes in X (an
employer x can hire at most cx employees);
• v(S) is the maximum weighted matching of the induced
graph G[S] under the capacity restriction c.
In this section, we will simplify the concept of balanced
outcome in wage bargaining problem and introduce our
algorithms which efficiently computes balanced outcomes
in wage bargaining. Using organization similar to Kleinberg
and Tardos’ (Kleinberg and Tardos 2008), we will first
consider the easy case where the graph is unweighted
and has a unique perfect matching, which requires simpler
notations and offers better insights. We will then extend
to the general case with weights. Compared to Kleinberg
and Tardos’ setting, our setting is more complicated. In
particular, for each employer x, the employee y with the
minimum ωxy − γy need to be identified. To handle the
difficulty, a kind of new structure called “loose chain” is
invented by us to cooperate with the original structures:
chains(“tight chains” in our notation) and free cycles (free
cycles is not required in the unique matching case).

4.1

Simplifications

Before we dig into the balanced outcomes, we prove the
existence of core outcomes. In a wage bargaining problem
(N, v), if each x ∈ X is replaced by cx nodes of capacity
1 and edges of x are also copied cx times, it becomes an
assignment game (N 0 , v 0 ). Let f be the function mapping
nodes in the new game back to nodes in the original game.
From a core outcome (B 0 , γ 0 ) of the new game, one can
naturally obtain an outcome of the original game (B, γ) such
that γ(S) = γ 0 (f −1 (S)), then
∀S ∈ N, γ(S) = γ 0 (f −1 (S)) ≥ v 0 (f −1 (S)) = v(S),
which indicates (B, γ) is in the core. Since assignment
games always have core outcomes, wage bargaining problems also have core outcomes by the analysis above.
We are now ready to apply balanced outcomes in the
wage bargaining problem. Let G = (V, E, ω, c) be a wage
bargaining problem, with two color sets X and Y . Suppose
G has a balanced outcome (M, γ). Since balanced outcomes
are always core outcomes, M must be a maximum matching
of G in order to maximize social welfare. For example,
M = {{x1 , y1 , y2 }, {x2 , y3 , y4 }, {x3 , y5 }, {x4 , y6 }}
is the only possible coalition set in the wage bargaining
problem described in Figure 1. Note here M is a set of
coalitions, not a set of edges. We slightly abuse the notation
and use (x, y) ∈ M to denote that (x, y) is a matching edge
in M .
As the capacity for each employee is restricted to 1,
every coalition in the wage bargaining problem contains one
employer and multiple employees.
Now, consider a coalition {x, y1 , . . . , yk } that contains
one employer and k employees.
Definition 12. Let the slack of the best alternate option for
x2 be
σx =

min (ωxy − γy ) − max{0,

(x,y)∈M

max

(x,y 0 )∈E\M

ωxy0 − γy0 },

and the slack of the best alternate option for yi without x be
σyi = min{γyi ,

min

min

(x0 ,yi )∈E\M (x0 ,y 0 )∈M

ωx0 y0 −γy0 +γyi −ωx0 yi }.

Then the coalition {x, y1 , . . . , yk } is balanced if and only if
• For all i ∈ [k]3 , σyi ≥ σx ;
• There exists i ∈ [k], such that σyi = σx and
ωxyi − γyi =

min ωxy − γy .

(x,y)∈M

For example, if we set
γy1 = 0.75, γy2 ∈ [0.5, 0.75],
2
An alternate option for x is a set of agents including x, but
not including all the other agents that are in the current coalition
of x. The best alternate option for x is the alternate option S that
minimize the slack γ(S) − v(S) among all alternate options for
x. The slack of the best alternate option for each agent should be
equal to the incentive value, if the coalition is balanced.
3
[k] = {1, . . . , k}.
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Figure 2: Visualize G as a directed graph
γy3 = γy4 = 0.5, γy5 = γy6 = 0.25
in Figure 1, then from the definition, σv = 0.25 for all v ∈ V
except
σy2 = γy2 − 0.25,
which satisfies the balanced condition above for every coalition. Therefore, this outcome is balanced and it is in fact the
only balanced outcome. One can verify if Definition 10 is
applied in wage bargaining problems, it is consistent with
this definition.
In order to further simplify the problem, the graph is
modified accordingly and some concepts are defined as
follows.
One can visualize G as a directed graph with edges in M
oriented from X to Y while all other edges oriented from
Y to X. Also, two additional nodes are added to the graph:
a node ⊥ linking to all nodes in X with weight 1, and an
node > linked from all nodes in Y with weight 1. These two
nodes are defined to ensure there is always a non-matching
edge for each node, so γ> = γ⊥ = 1. Write
V + = V ∪ {⊥, >}.
To illustrate, we now convert Figure 1 to Figure 2. Some
edges from ⊥ and some edges to > are omitted.
Now for a payoff vector γ, define its correspond labeling
η on V + , such that η⊥ = 1, η> = 1, and for each y ∈ Y ,
ηy = γy , for each x ∈ X,
ηx = min ωxy − γy .
x→y

For any edge (y, x) from Y to X define the edge slack
σyx = ηy + ηx − ωxy ,
then we can simplify σx and σy as
σx = min σyx , σy = min σyx .
y→x

x←y

It can be seen that an outcome (M, γ) is in core if and
only if γ’s corresponding labeling η satisfies
∀v ∈ V, σv ≥ 0.
Definition 13. Define an outcome (M, γ) is balanced if
and only if γ’s corresponding labeling η is balanced. In
particular, η satisfies
• ∀v ∈ V, σv ≥ 0.
• σy ≥ σx if (x, y) ∈ M ;
• ∀x, ∃(x, y) ∈ M , such that ηx = ωxy − ηy and σy = σx .
This definition is equivalent to Definition 12, and is easier
to analyze. Therefore, in what follows, we will compute
balanced labelings instead.

Wage bargaining in unweighted graphs with a
unique perfect matching

As the first step toward a general characterization of balanced outcomes (in fact, balanced labelings), we consider
the unweighted graphs instances where there is a unique
perfect matching. Let G = (V, E, ω, c) characterize a wage
bargaining problem, where ω ≡ 1 and G has a unique
perfect matching M .
Now we can write ζx = ηx , ζy = 1 − ηy for convenience.
Then we have
• ζ⊥ = 0, ζ> = 1;
• ζx = minx→y ζy ;
• σyx = ζy − ζx ;
• The corresponding payoff vector of η is in core if for each
edge from y to x, ζy ≤ ζx . In other words, ζv1 ≤ ζv2 if v1
can reach v2 in the directed graph.
Since M is the only perfect matching in G, the directed
graph induced by M must be acyclic. Figure 2 is an example.
Theorem 1. There exists a balanced labeling for any wage
bargaining problem in unweighted graphs with a unique
perfect matching. All balanced labelings can also be efficiently generated. Moreover, the optimal labeling for employers or employees can be computed in polynomial time.
Proof sketch. To prove the theorem, it suffices to give
an algorithm that constructs the labeling η, and then verify
its properties. The basic idea of the algorithm is to label
nodes with small σ first so that the constraints of balanced
outcomes are met during the algorithm. In each stage of
the algorithm, a set of nodes (called an anchored chain,
which will be introduced later) with the same σ labeled. An
anchored chain will then be classified into either a loose
chain or a tight chain in order to handle the cases when
σx ≤ σy or when σx = σy for (x, y) ∈ M . Then by using
Lemma 1, we prove the returned labeling by Algorithm 1 is
always balanced. On the other hand, in Lemma 2, we further
show that all balanced labelings can be generated. Moreover,
by adding rules in Algorithm 1, we prove Lemma 3 — the
balanced labelings that maximize X or Y ’s payoff can be
generated respectively.
Proof. Consider the following algorithm that generates a
labeling:
Algorithm 1. The algorithm proceeds in stages. At the start
of each stage s, let Bs be the subset that has already been
labeled. Say a chain
C = b1 → b2 → · · · → br
is anchored if r > 2, and the endpoints b1 and br are in Bs .
At the end of the stage, choose an anchored chain C, and
label b2 , . . . , br−1 such that
• For any edge (x, y) in C, set ζx ≤ ζy ; and if x 6= b1 , set
ζx = ζy .
• For any edge (y, x) in C, set σy = σyx ; and if x 6= br , set
σx = σyx .

For the second case, suppose the first node of C 0 is bi . As

• set σb2 = · · · = σbr−1 .
Define σ(C) to be the range of σb2 if C is labeled in this
stage. Let
σ(C) = sup σ(C),
σ` be the maximum σ in Bs , and σr = minC σ(C). Choose
a pair (σ, C) such that
• σ ∈ [σ` , σr ] ∩ σ(C);
• If b2 ∈ Y , for any anchored chain
b1 → b2 → c3 → · · · → cm ,
ζcm − ζbr ≥

m−r
2 σ.

Finally, label C with σb2 = σ.
For Figure 2, the labeling by Algorithm 1 would be: in the
first stage, set ζx1 = ζy1 = 0.25, ζx2 = ζy3 = 0.5, ζx4 =
ζy6 = 0.75; in the second stage, set ζy4 = 0.5, ζx3 = ζy5 =
0.75; in the last stage, set ζy2 ∈ [0.25, 0.5].
The first observation about the algorithm is that if a node
y is labeled, its matching point x must be labeled as well. So
for each anchored chain
C = b1 → b2 → · · · → br ,
br is always in X. For convenience, say C is a loose chain if
b1 ∈ X, otherwise C is a tight chain. Then, it is not hard to
show that, if C is a loose chain,


ζb − ζb1
σ(C) = σb1 , r
;
(r − 1)/2
otherwise,

ζbr − ζb1
.
σ(C) =
r/2
Note it is yet unclear whether there is always a pair (σ, C)
that satisfies the algorithm’s conditions. We now formally
prove the following lemma.


Lemma 1. In stage s, suppose the algorithm chooses a pair
(σ, C) to label. Then in stage s + 1, any anchored chain C 0
satisfies σ(C 0 ) ≥ σ.
Proof. Let C = b1 → b2 → · · · → br . If b1 ∈ Y ,
the lemma holds trivially. Suppose by contradiction, there
exists an anchored chain C 0 such that σ(C 0 ) < σ in stage
s + 1, one of endpoints of C 0 must be in C; otherwise, C 0 is
also available in stage s, which contradicts with σr ≥ σ.
Therefore, we can connect part of C with C 0 and obtain
another chain C 00 such that σ(C 00 ) < σ in stage s, which
also contradicts with σr ≥ σ
If b1 ∈ X, three cases need to be considered: both
endpoints of C 0 are in C; only the first node of C 0 is in C;
only the last point of C 0 is in C. Notice the last case is the
same as above. For the first case, suppose C 0 is an anchored
chain of length m from bi to bj . Consider the chain
C 00 = b1 → · · · → bi−1 → C 0 → bj+1 → · · · → br ,
its length m + r − j + i − 1 ≤ r according to the second
condition of choosing the pair (σ, C), so j − i + 1 ≥ m.
Then
σ(C 0 ) = (ζbj − ζbi )/bm/2c ≥ σ.

ζbr = ζbi + b(r − i + 1)/2cσ,
substitute ζbr in the second condition of the algorithm,
σ(C 0 ) ≥ σ is then obvious.
This lemma shows that condition σ` ≤ σr holds throughout the proceeding. Moreover, if the algorithm chooses
σ(C) = σr , the second condition for choosing pair (σ, C)
always holds, so the algorithm can always choose a valid
pair (σ, C). As σ is always increasing, which means if
nodes are balanced after labeling, they will continue to be
balanced. So the algorithm will always output a balanced
labeling. In fact, if the algorithm always chooses σ(C) =
σr , it is exactly the algorithm that proves Theorem 2.2 in the
Kleinberg and Tardos’ paper (Kleinberg and Tardos 2008),
and also the algorithm that maximizes Y ’s payoff.
Lemma 2. Any balanced labeling η ∗ can be generated by
the algorithm.
Proof. Let σ ∗ be the corresponding slack of η ∗ , following
the steps of the algorithm, it suffices to prove the algorithm
can always label a node with the smallest σ ∗ among all
unlabeled nodes. Consider a node v with the smallest σ ∗ ,
∗
= σv∗ .
if v ∈ X, there exists a node y ∈ Y such that σyv
∗
Then if y is not labeled, σy∗ = σyv
= σv∗ . Moreover, if
y’s matching node x is also not labeled, σx∗ = σy∗ , and so
on. Trace upwards until there is a labeled node. Similarly,
trace downwards until there is a labeled node. Finally, an
anchored chain with σv∗ is found, and it obviously satisfies
the conditions in the algorithm.
Now it remains to prove σv∗ ≤ σ(C) for any anchored
chain
C = b1 → b2 → . . . → br .
Notice that for any edge (x, y) in C, ζx∗ ≤ ζy∗ , and for any
edge (y, x) in C, ζy∗ + σv∗ ≤ ζx∗ . So
ζb1 + br/2cσv∗ ≤ ζbr ,
which indicates σ(C) ≥ σv∗ .
Lemma 3. There are algorithms generating the balanced
labelings that maximize X or Y ’s payoff.
Proof. In order to maximize Y ’s payoff, only a slight
adjustment is needed in Algorithm 1: at the end of each
stage, choose a pair (σ, C) such that the original conditions
are satisfied, and σ(C) = σr . The correctness will be proved
by induction on stages. First assume the following: if the first
s stages of the algorithm is fixed, only considering stages
after stage s, the labeling on V \ Bs generated by the revised
algorithm is the best among all labelings generated by the
original algorithm. Then suppose in stage s, the original
algorithm chooses a pair (σ, C) that σ(C) > σr . It suffices
to prove σ and C can be transformed without decreasing Y ’s
payoff until σ(C) = σr is satisfied.
First, try to add a very small ∆σ to σ so that (σ + ∆σ, C)
still satisfies the original conditions, and then run the revised
algorithm. As a result, all ζv for v ∈
/ Bs decrease a nonnegative times of ∆σ. If it is impossible to add a small

∆σ, which indicates the inequality in the second conditions
of (σ, C) is tight, another chain C 0 can be easily found to
swap with C. Again, add small ∆σ to σ and swap chains if
necessary, until σ = σr . Now one can assume σ = σr , and
observe that if σr 6= σ(C), the next stage will still have the
same σr until σr = σ(C). Then by swapping the order of
these stages, σr = σ(C) can be achieved in stage s.
Maximizing X’s payoff is very similar to maximizing
Y ’s payoff: one only needs to choose the pair (σ, C) that
minimizes σ at the end of each stage. We omit the proof here
because it is the same as the proof of maximizing Y ’s.
The algorithm is clearly polynomial-time. In fact, for any
b1 , br ∈ Bs , only the longest chain from b1 to br needs to be
considered.

4.3

Wage bargaining in weighted graphs

In this section, built on previous model and analysis on the
unweighted graphs, we discuss the general case where the
graphs are weighted. In the previous subsection, there is a
nice property that the graph is acyclic, so we do not need
to consider cycles. Moreover, it is yet unknown whether the
previous structure generalizes in weighted graphs.
Theorem 2. There exists a balanced labeling for any wage
bargaining problem. The set of balanced labelings can also
be efficiently generated. Moreover, the optimal labeling for
employers or employees can be computed in polynomial
time.
In order to tackle the difficulties and prove Theorem 2, we
propose an new algorithm and again analyze its properties.
The idea of algorithm is similar to Algorithm 1, so is
the structure of the proof. Particularly, the algorithm will
extend Algorithm 1 by adding the free cycle structure and
specifying weights. Free cycles will be used to handle the
case that unlabeled nodes with the smallest σ form cycles,
which does not happen in the last subsection.
Proof. We propose a new algorithm as follows:
Algorithm 2. Label 0 on the nodes in Y that are not part of
any maximum matching.
The algorithm proceeds in stages.
At the start of each stage s, let Bs be the subset that has
already been labeled. Define a simple cycle C = b1 →
· · · → br → b1 to be free cycle, if bi ∈
/ Bs . Without loss
of generality, assume b1 ∈ X in any free cycle. At the end
of the stage, either choose an anchored chain C and label C
by the same way in Algorithm 1, or choose a free cycle C,
and label b1 , . . . , br such that
• For any edge (x, y) in C, set ηx = ωxy − ηy ;
• For any edge (y, x) in C, set σy = σyx = σx ;
• set σb1 = · · · = σbr−1 .
Define σ(C) to be the range of σb2 if C is labeled in this
stage. Let σ(C) = sup σ(C). Let σ` be the maximum σ in
Bs , and σr = minC σ(C). Choose one of three structures
C satisfying the following conditions:

• If C is a tight chain, there is only one way to label C such
that σ(C) = σr ;
• If C is a loose chain, there is one degree of freedom to
choose σ ∈ [σ` , σr ] and determine ηb2 , such that for any
anchored chain
C 0 = b2 → c3 → · · · → cm ,
σ(C 0 ) ≥ σ (assume b2 is labeled by ηb2 ).
• If C is a free cycle, σ(C) contains only one value, then
σ(C) = σr is required, but there is still one degree of
freedom to choose ηb1 , such that for any anchored chain
C 0 = b1 → c2 → · · · → cm or C 0 = c2 → · · · → cm →
b1 , σ(C 0 ) ≥ σr (assume b1 is labeled by ηb1 ).
Finally, label C according to C’s type.
First, it is still true that if a node y is labeled, its matching
point x must be labeled as well. Then for each anchored
chain C = b1 → b2 → · · · → br , if C is a loose chain,
Pr


ηb − ηb1 + i=2 (−1)i ωbi−1 bi
σ(C) = σb1 , r
,
(r − 1)/2
otherwise,

σ(C) =

ηb1 + ηbr −

Pr

i=2 (−1)

r/2

i

ωbi−1 bi


.

And for any free cycle C = b1 → · · · → br → br+1 = b1 ,
)
( Pr+1
i
(−1)
ω
b
b
i−1 i
i=2
.
σ(C) =
r/2
Lemma 4. In stage s, suppose Algorithm 2 chooses a
structure C, and labels it with slack σ. Then in stage s + 1,
any anchored chain C 0 satisfies σ(C 0 ) ≥ σ.
Proof. If C 0 is a free cycle, σ(C 0 ) remains unchanged after
stage s, so σ(C 0 ) ≥ σ. If C 0 and C are both anchored chains,
we just use the same method in Lemma 1 to verify.
If C is a free cycle and C 0 is the anchored chain, by
contradiction, we suppose σ(C 0 ) < σ. If both C 0 ’s first
node and last node are in C, we can find another free cycle
C 00 such that σ(C 00 ) < σ, so C cannot be chosen in stage
s. Otherwise, we can again connect part of C with C 0 and
get an anchored chain C 00 such that (C 00 ) < σ in stage s,
and either the first node or the last node of C 00 is b1 , which
violates the condition for free cycles in the algorithm.
As Lemma 4 holds, the argument that the algorithm can
always generate one balanced labeling is also the same as
the previous case.
To prove Lemma 2 under this algorithm, we only need
to consider the case when a node is visited twice during
the tracing, otherwise, it is the same as before. But if
a node is visited twice, we naturally obtain a free cycle
which obviously satisfies the condition in the algorithm.
Additionally, we can also prove σv∗ ≤ σ(C) for any free
cycle C using the similar argument for anchored chains.
To prove Lemma 3, we add another principle to generate
the optimal labeling for X or Y . Again, choose C such that

5
5.1

Discussions

Efficiency via local negotiation.

In reality, bargaining usually happens locally. Therefore, one
of important metrics of a solution concept in this setting is
whether the concept can be reached by a small number of
local negotiations. Researchers show that local bargaining in
social exchange networks converges to balanced outcomes
efficiently, in time roughly independent of the network
size (Kanoria et al. 2011). In order to further validate our
concept, in this section, we run simulations on randomly
sampled wage bargaining instances with random sampled
core outcomes (|X| is uniformly selected in [2, 100], |Y | is
uniformly selected in [α|X| + 1, (α + 1)|X|]). In particular,
we calculate the number of wage (payoff) changes from
the core outcomes to a certain approximation of balanced
outcomes via local negotiation. For example, Figure 3(a) is
a diagram of 100 instances with α = 4. From the diagram,
one can observe the average number of wage changes for
employees is less than 10 for most of the cases, that is, the
average time that employees spend on wage negotiation is
independent of the size of the network. Similarly, when α =
8(see Figure 3(b)), the average number of wage changes is
less than 7, and also independent of |Y |. This is even smaller
than case when α = 4.
Moreover, we run the same simulation of the same instances for another existing concept — kernel (Davis and
Maschler 1965). The results are shown by Figure 3(c) and
3(d). Although kernel satisfies all our desiderata (Bateni et
al. 2010) mentioned in Section 1, its local negotiation efficiency is much lower than balanced outcome. Furthermore,
when α changes from 4 to 8, the average number of wage
changes increases in the case of kernel.

5.2

Extensions

Since we have developed a multi-agent bargaining solution and defined balanced outcomes in general cooperative
games, it is possible that the concept of balanced outcomes
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σ is maximized/minimized in each stage. If C happens to be
a free cycle, choose the smallest ηb1 to generate the optimal
labeling for Y . The proof is still similar to the original one.
On the other hand, in order to generate the optimal labeling
for X, choose the largest ηb1 instead.
Algorithm 2 is more complex than Algorithm 1, so we
need to be careful about the complexity. Although it is now
hard to find the best chain from b1 to br , or the free cycle
with the smallest σ, one can easily check whether there
exists a structure C with σ(C) ≤ σ. In particular, it only
involves linear inequalities, which can be solved by linear
programming. So binary search can be used to obtain σr , and
find the structure C with σ(C) = σr . For loose chains, in
order to satisfy the condition, all loose chains starting from
the same b1 , b2 split the range [σ` , σr ]. Each loose chain
holds a subinterval, and it is easy to find the subinterval
containing a certain σ. As for the range of ηb1 of a free cycle,
it is also an interval. Anchored chains C 0 = b1 → c2 →
· · · → cm restrict its upper bound, while anchored chains
C 0 = c2 → · · · → cm → b1 restrict its lower bound.
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Figure 3: Each point in diagrams is a randomly generated
instance, with the number of employees as the horizontal
axis and the number of changes in wages during local
negotiation as the vertical axis. (a) and (b) are results for
balanced outcomes, while (c) and (d) are results for kernels.
is also applicable in other models, such as three-sided
markets. As we mentioned in additional related works,
the core of three-sided markets has been characterized
(Blume et al. 2007), which provides a solid foundation for
analysis of balanced outcomes. However, as the structure of
coalitions becomes complicated, the balanced outcome also
becomes hard to analyze. For example, if employees also
have multiple capacity in wage bargaining (which is very
rare in reality), examining balanced outcomes is already
non-trivial, even in the case where everyone’s capacity is 2.
In that special case, coalitions can be cycles or chains of any
length.

6

Conclusion

We have proposed a novel bargaining solution for multiple
agents and applied it to the wage bargaining setting. Furthermore, we proposed efficient algorithms to compute balanced
outcomes in wage bargaining via an original technique
called “loose chain”.
Our bargaining solution, based on the idea of “incentive”
value and essentially different to existing concepts, generalizes the concept of balance outcome in social exchange
network.
Our algorithm, taking employees’(employers’) benefits
into consideration, can have a potentially impact in real
life. Although our focus in this paper is mostly on the
theoretical aspect, it is an interesting further direction to test
its effectiveness in real life settings.
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